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Abstract
We give a criterion to decide if a given w-homogeneous derivation on A := k[X1; X2; X3] is
locally nilpotent. We deduce an algorithm which decides if a k-subalgebra of A, which is 8nitely
generated by w-homogeneous elements, is the kernel of some locally nilpotent derivation.
c© 2004 Elsevier B.V. All rights reserved.
MSC: 13N15; 14R20; 14R10
0. Introduction
Let k[X1; : : : ; Xn] be the polynomial ring in n variables over a 8eld k of character-
istic zero. A k-derivation D on this ring is called locally nilpotent if for each a in
k[X1; : : : ; Xn] there exists a positive integer m such that Dm(a) = 0. Locally nilpotent
derivations play a crucial role in the study of various problems in a@ne algebraic geom-
etry (see [7] for many examples). Nevertheless, our understanding of these derivations
is very limited; only the case n=2 is well-understood thanks to a classical result due to
Rentschler in [11]. However, if n=3 (and more generally n¿ 3) there are many ques-
tions unanswered. For example, we do not have a complete description of all locally
nilpotent derivations on k[X1; X2; X3] (the classi8cation problem) nor do we have an
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algorithm which decides if a given derivation on k[X1; X2; X3] is locally nilpotent (the
recognition problem). Another open problem is the sub-algebra problem which asks
for a criterion/algorithm to decide if a given k-subalgebra of k[X1; X2; X3] can occur as
the kernel of some locally nilpotent derivation.
On the other hand it is known that the kernel of a non-zero locally nilpotent deriva-
tion on k[X1; X2; X3], denoted by k[X1; X2; X3]D, is generated by two algebraically inde-
pendent elements; this result is due to Miyanishi in [10]. In case D is weighted homoge-
neous these two generators can be chosen to be homogeneous. This result was obtained
by Zurkowski in 1993 (see [12]). More recently in a series of highly non-trivial papers
[2–4] Daigle and Russell obtain a geometric description of all weighted homogeneous
locally nilpotent derivations on k[X1; X2; X3] i.e. they solved the classi8cation problem
for these derivations. In this paper, we solve both the recognition and the sub-algebra
problem for quasi-homogeneous derivations on k[X1; X2; X3].
1. Preliminaries
Throughout this paper, k will denote a 8eld of characteristic zero and A := k[X1; : : : ;
Xn]. If R is a k-subalgebra of A then Q(R) denotes the quotient 8eld of R.
The following proposition summarizes some results concerning locally nilpotent
derivations which we will need in the sequel.
Proposition 1. Let D be a non-zero locally nilpotent derivation on A. Then
(i) tr degk Q(AD) = n− 1;
(ii) let a∈A with D(a) = 0 and denote the minimal power of D that annihilates a
by (D; a), then (D; a) = [Q(A) : Q(AD)(a)] + 1;
(iii) let f1; : : : ; fn−1 be algebraically independent elements of AD and denote by D1
the Jacobian derivation de7ned by
D1(h) := det J (f1; : : : ; fn−1; h); for all h∈A:
Then there exist non-zero elements a and b in AD such that aD= bD1. Further-
more D1 is locally nilpotent.
The results (i) and (ii) can be found in [7, 1.3.32] and (iii) in [8].
A consequence of (ii) is the so-called partial nilpotency criterion (see [5] or
[7, 1.4.17]).
Partial nilpotency criterion: Let D be a non-zero k-derivation on A and suppose we
can 8nd f1; : : : ; fn−1 in AD algebraically independent over k. Put
N := max
i
{[Q(A) : k(f1; : : : ; fn−1)(Xi)] |D(Xi) = 0}:
Then N is 8nite and D is locally nilpotent iI DN+1(Xi) = 0 for all i.
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In dimension 3, we have the following more precise statement:
Proposition 2. Let D be a non-zero locally nilpotent derivation on A. Then there
exist f; g algebraically independent over k such that AD = k[f; g]. Furthermore, if
gcdi D(Xi) = 1, then D = D1 for some ∈ k∗, where D1(h) := det J (f; g; h) for all
h∈A.
As observed earlier, the 8rst part of this proposition is due to Miyanishi in [10].
The second part is due to Daigle in [1].
For the reader’s convenience we recall some facts concerning quasi-homogeneous
polynomials and derivations.
Now let n = 3 and w := (w1; w2; w3)∈ (N+)3. We make A into an N-graded ring
by de8ning Am to be the k-vectorspace generated by all monomials X  := X
1
1 X
2
2 X
3
3
with w-degree equal to m i.e. 〈w; 〉 := w11 + w22 + w33 = m. A derivation D on
A is called w-homogeneous with degree w(D) if D(Am) ⊂ Am+w(D) for all m¿ 0. In
case D is a locally nilpotent w-homogeneous derivation on A another proof of the 8rst
part of Proposition 2 was given by Zurkowski in [12]. More precisely,
Proposition 3. If D is a non-zero w-homogeneous locally nilpotent derivation on A,
then there exist w-homogeneous elements f and g in AD such that AD = k[f; g].
To conclude this section we give a consequence of Bezout’s theorem.
Proposition 4. Let f; g∈ k[X; Y ] be algebraically independent over k. Then [k(X; Y ) :
k(f; g)]6degf · deg g.
Proof. Let Kk be an algebraic closure of k. Since [ Kk(X; Y ) : Kk(f; g)]=[k(X; Y ) : k(f; g)]
we may replace k by Kk and hence assume that k is algebraically closed. Let F =
(f; g) : k2 → k2 be the corresponding polynomial map. Since f; g are algebraically
independent over k the map F is dominant. So for almost all =(1; 2)∈ k2, #F−1()=
d(F) := [k(X; Y ) : k(f; g)] (see [7, B.2.1]). Choose such a  = (1; 2). Then d(F) =
#F−1() equals the number of common zeroes of the system f − 1 = 0, g− 2 = 0.
So by Bezout’s theorem we get d(F)6deg(f− 1) · deg(g− 2) = degf · deg g.
2. A bound for the nilpotency index of a locally nilpotent derivation
Throughout this section A := k[X1; X2; X3] and D= a1@1 + a2@2 + a3@3 is a non-zero
derivation on A; so ai=D(Xi)∈A for all i. Furthermore, we 8x w=(w1; w2; w3)∈ (N+)3
and assume that D is w-homogeneous of degree w(D). Finally, put |w| := w1+w2+w3
and wmin := mini(w(Xi)).
If D is locally nilpotent there exists a positive integer m such that Dm(Xi) = 0 for
all i. The smallest such an integer is called the nilpotency index of D. The next result,
which is the main theorem of this paper, gives an upperbound for this nilpotency index.
For a real number x, [x] denotes the largest integer smaller than x.
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Theorem 1. Let N := [w−2min((w(D) + |w|)=2)2] and assume gcd(a1; a2; a3) = 1. If D is
locally nilpotent, then DN+1(Xi) = 0 for all i.
Proof. Replacing k by Kk we may assume that k is algebraically closed. By Proposition
3, AD = k[f; g] for some algebraically independent w-homogeneous elements f and g
and by Proposition 2, D=  det J (f; g;−) for some ∈ k∗. Of course we may assume
that = 1. So
D= det J (f; g;−)
= (fX2gX3 − fX3gX2 )@1 − (fX1gX3 − fX3gX1 )@2 + (fX1gX2 − fX2gX1 )@3:
Now let D(Xi) = 0. Then by the partial nilpotency criterion we obtain that
(D; Xi) = [k(X1; X2; X3) : k(f; g)(Xi)] + 1:
So it su@ces to prove that
[k(X1; X2; X3) : k(f; g)(Xi)]6N: (1)
To see (1) observe that f, g and Xi are algebraically independent over k for otherwise
det J (f; g; Xi) = 0 i.e. D(Xi) = 0, contradiction. So by Proposition 4 applied to k(Xi)
(instead of k) we get
[k(X1; X2; X3) : k(f; g)(Xi)]6degf · deg g:
So, in order to prove (1) it su@ces to prove
degf · deg g6N: (2)
Therefore put d1 := degw f and d2 := degw g. Since D is w-homogeneous of degree
w(D) it follows, looking at the coe@cients of the @i in the 8rst equation of the proof,
that
degw f + degw g− degw X2 − degw X3 = degw D(X1) = degw X1 + w(D);
and thus
degw f + degw g− |w|= w(D);
hence
d1 + d2 = |w|+ w(D): (3)
Consequently, d1d2 = d1(−d1 + |w| + w(D)) = −d21 + (|w| + w(D))d1. The quadratic
polynomial in d1 has its maximum at d1 = 12 (|w| + w(D)) and this maximum equals
( 12 (|w|+ w(D)))2. Consequently
d1d26
(
w(D) + |w|
2
)2
: (4)
Since obviously degf6 1=wmin degw f=d1=dmin and similarly deg g6d2=wmin, it fol-
lows from (4) that
degf · deg g6
[
w−2min
(
w(D) + |w|
2
)2]
= N
which proves (2) and completes the proof of the theorem.
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Corollary 1. Let N be as in 2.1 and gcd(a1; a2; a3) = 1. Then D is locally nilpotent
i; DN+1(Xi) = 0 for all i.
3. Applications
In this section, we show how Corollary 1 can be used to solve both the recognition
problem and the sub-algebra problem for A := k[X1; X2; X3].
3.1. Solution of the recognition problem
Proposition 5. We have a criterion to decide if a given w-homogeneous derivation on
A is locally nilpotent.
Proof. Let a := gcd(a1; a2; a3). Then D = a KD for some k-derivation KD on A. Observe
that gcdi KD(Xi) = 1 and that both a and KD are w-homogeneous. Furthermore, by [7],
1.3.34 D is locally nilpotent iI KD(a)=0 and KD is locally nilpotent. Since KD satis8es the
hypothesis of Corollary 1 we can verify if KD (and hence D) is locally nilpotent.
3.2. Solution of the sub-algebra problem
To solve the sub-algebra problem we need the following result:
Proposition 6. Let R := k[f1; : : : ; fr] ⊂ A be a 7nitely generated k-subalgebra of A,
generated by w-homogeneous elements fi of A. Assume that f1 and f2 are alge-
braically independent over k. Put D0 := det J (f1; f2;−). Then R is the kernel of some
non-zero locally nilpotent derivation D on A i; D0 is locally nilpotent and R= AD0 .
Proof. Assume R = AD for some non-zero locally nilpotent derivation D on A. Since
f1; f2 ∈R are algebraically independent over k, it follows from Proposition 1 (iii) that
there exist non-zero elements a and b in AD such that aD= bD0 and that D0 is locally
nilpotent. From the equality aD = bD0 it follows that AD = AD0 , so AD0 = R.
Proposition 7. There is a solution of the sub-algebra problem.
Proof. (i) We may assume f1 ∈ k. First check if for some i¿ 2 f1 and fi are
algebraically independent over k; (if this is not the case then R cannot be the kernel of
some locally nilpotent derivation on A by Proposition 1 (i)). To check if f1 and fi are
algebraically independent over k one just has to verify if det J (f1; fi;−) is non-zero.
(ii) Interchanging f2 and fi if necessary we may assume that f1 and f2 are alge-
braically independent over k. Then in order to see if R is the kernel of some locally
nilpotent derivation on A we need, according to Proposition 6, to verify that D0 :=
det J (f1; f2;−) is locally nilpotent, which can be done by Proposition 5 since obviously
D0 is w-homogeneous, and also we need to verify if R= AD0 .
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(iii) To check this last equality we must compute AD0 . This can be done by the
kernel algorithm given in [6] (see also [7, 1.4]). However, a much faster way is to use
Maubach’s algorithm given in [9], namely we know that there exist w-homogeneous
elements f and g with AD0 = k[f; g] and by (3) these elements satisfy w − degf +
w − deg g6w(D0) + |w|. So in order to 8nd generators of AD0 one only has to com-
pute all elements of AD0 uptill w-degree w(D0) + |w|. This can be done very fast by
the Maubach algorithm. Furthermore, this algorithm automatically gives the minimal
number of generators of AD0 i.e. we eIectively 8nd w-homogeneous elements f and
g with AD0 = k[f; g]!
(iv) Once AD0 is computed i.e. f and g are found such that AD0 =k[f; g] one can use
the algebra membership algorithm (see [7, Proposition C.2.3]) to verify if k[f1; : : : ; fr]
and k[f; g] are equal.
4. Final remarks
If we consider arbitrary non-homogeneous derivations on A and want to obtain a
result similar to Theorem 1, the situation is much more complicated. Again, using
Proposition 2, we may assume that D=det J (f; g;−) for some (unknown) algebraically
independent elements f and g. Suppose for example that D(X3) = 0. In order to have
an upperbound for (D; X3) we would like to have an estimate for [k(X1; X2; X3) :
k(f; g; X3)] in terms of the degrees of the elements D(Xi). The following example
shows that this is not an easy job.
Example 1. Let f; g∈ k[X1; X2] with det J (f; g) = 1. Put D := det J (f; g;−) (where
we view f and g as polynomials in A). So in fact D= @3 and hence the maximum of
the degrees of the elements D(Xi) is obviously equal to 0. On the other hand,
[k(X1; X2; X3) : k(f; g; X3)] = [k(X1; X2) : k(f; g)]:
However, we do not know of any estimate of this degree (unless of course we know
that the two-dimensional Jacobian conjecture is true, for then [k(X1; X2) : k(f; g)]=1).
This leads to the following question.
Question 1. Does there exist a positive integer N0 such that [k(X1; X2) : k(f; g)]6N0
for all pairs f; g in k[X1; X2] satisfying the Jacobian condition det J (f; g) = 1?
4.1. Checking that a derivation is not locally nilpotent
Inspite of the fact that we are far from a complete solution of the three-dimensional
recognition problem, the homogeneous result described in proposition 5 can very often
be used to show that a given derivation D on A is not locally nilpotent.
The idea is the following: choose a “clever” w-grading on A and write D as a 8nite
sum of w-homogeneous derivations, say D=Dp1 + · · ·+Dpm where p1¡ · · ·¡pm and
each Di is w-homogeneous of degree i. Now use the fact that if D is locally nilpotent,
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then so is Dpm (see [7, 5.1.13]). Consequently, if Dpm is not locally nilpotent (what
we can verify using Proposition 5), then D is not locally nilpotent either!
To conclude this paper we give an extension of Proposition 5.
Proposition 8. Let D be a non-zero derivation on A. Let w=(w1; w2; w3)∈ (N+)3 and
suppose that D=Dp1 + · · ·+Dpm (as before) a sum of w-homogeneous derivations. If
Di and Dj commute for all i; j, then it is possible to decide if D is locally nilpotent.
Proof. An immediate consequence of Proposition 5 and Lemma 1 below.
Lemma 1. Situation as in Proposition 8. Then D is locally nilpotent i; Di is locally
nilpotent for all i.
Proof. (⇐) Since the Di’s commute we have for each N¿ 1 that (Dp1 + · · ·+Dpm)mN
is a 8nite sum of monomials Di1p1 · · ·Dimpm with coe@cients in N+ where at least one of
the ij¿N . Now let a∈A. Choose N such that DNi (a) = 0 for all i. Then DmN (a) = 0.
(⇒) Let 16 i6 3. Since, D is locally nilpotent DN (Xi)=0 for some N¿ 1. Looking
at the highest w-homogeneous part it follows that DNpm(Xi) = 0. It follows that Dpm is
locally nilpotent. Since D and Dpm commute we get that D − Dpm is also locally
nilpotent. Repeating this argument we 8nd that all Di are locally nilpotent.
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